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Introduction

Research question

* How can we apply the results of symmetry analysis of the
Navier—Stokes equations to improve the modeling and numerical
simulation of turbulent flows?

Results

* A framework of (symmetry) constraints that can be used to
assess existing and create new turbulence models

A new promising turbulence model

* Conservation constraints on the structure of discrete operators

Open questions
* How to preserve symmetries on the discrete level?

Physics of Fluids 29, 015105 (2017)
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Introduction

Turbulent flows

Physics of Fluids 29, 015105 (2017)
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Introduction

Mathematical description of turbulent flows
 The incompressible Navier—-Stokes equations

aui
=0

Oxl-
6ul (u ) = — P 2 05;;(u)

ax] / axl Re 0x;

convection pressure  diffusion

* Quantities * Parameters

— Velocity field: u; — Reynolds number: Re
— Pressure: p — Convection vs. diffusion

— Rate of strain: §;;(u)

Pope (2011), Turbulent Flows Physics of Fluids 29, 015105 (2017)
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Introduction

Turbulent flows

i~
Small ‘eddies’

-

Large ‘eddy’

Wake Vortex Study at Wallops Island, NASA Langley Research Center Physics of Fluids 29, 015105 (2017)
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Introduction

Numerical simulations

Wake Vortex Study at Wallops Island, NASA Langley Research Center Physics of Fluids 29, 015105 (2017)
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Numerical simulations
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Introduction

Mathematical description of turbulent flows
* The filtered Navier—Stokes equations

o1,
=0
Oxl-
0% uu)__ +zasij(a)_aT
ot ax] / 0x; 0x; ox;
convection pressure  diffusion
* Quantities  Turbulent stresses
— Large-scale velocity field: u; Tij = WU — ﬂiﬂj

— Large-scale pressure: p
— Large-scale rate of strain: §;; (i)

Sagaut (2005), Large Eddy Simulation for Turbulent Flows
Berselli, lliescu & Layton (2006), Mathematics of Large Eddy Simulation of Turbulent Flows Physics of Fluids 29, 015105 (2017)
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Large-eddy simulation

Mathematical description of turbulent flows
* Equations of large-eddy simulation

avi

— =0

axi

6vi + d (v.v.) _ aq + 2 aSl](v) B d Tmod

ot = ox; " 0x; Re 0x; ox; Y

convection pressure  diffusion model

 Turbulence model * (Quantities

T{?Od = Tij ? — Velocity field: v; = u; ?

— Additional forcing term representing Pressure:q ~ p ?

‘missing physics’
— No explicit filtering

Physics of Fluids 29, 015105 (2017)
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Large-eddy simulation

Turbulent flows

Moc¢ 'f'“'
Compute small ‘eddies’

large ‘eddies’

Wake Vortex Study at Wallops Island, NASA Langley Research Center Physics of Fluids 29, 015105 (2017)
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Large-eddy simulation

Turbulent flows

Moc :t.‘
Compute small ‘eddies’

Wake Vortex Study at Wallops Island, NASA Langley Research Center Physics of Fluids 29, 015105 (2017)
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Large-eddy simulation

Overview

* Navier—Stokes equations velocity field u;, pressure p
l filter

* Filtered Navier—Stokes equations velocity field 7;, pressure p
l odel turbulent stresses 7;; = u;u; — U;U;

* Large-eddy simulation turbulence model T{?Od
l discretize velocity field v; = u;, pressure q = p

 Numerical simulation discrete velocity field, pressure

Pope (2011), Turbulent Flows
Sagaut (2005), Large Eddy Simulation for Turbulent Flows
Berselli, lliescu & Layton (2006), Mathematics of Large Eddy Simulation of Turbulent Flows Physics of Fluids 29, 015105 (2017)
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Large-eddy simulation

Overview
* Navier—Stokes equations velocity field u;, pressure p

l filter

* Filtered Navier-Sto

l model

S velocity field u;, pressure p
turbulent stresses 7;; = u;u; — U;U;

mod
lj
velocity field v; =~ i;, pressure g = p

turbulence model 7

* Large-eddy
l discretize

* Numerical si discrete velocity field, pressure

Pope (2011), Turbulent Flows
Sagaut (2005), Large Eddy Simulation for Turbulent Flows
Berselli, lliescu & Layton (2006), Mathematics of Large Eddy Simulation of Turbulent Flows Physics of Fluids 29, 015105 (2017)
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Large-eddy simulation

Overview
* Navier-Stokes equations equations:
i symmetries,
l lter conservation laws
* Filtered Navier—Stokes equations turbulent stresses:
| dissipation, near-wall
l mode scaling, realizability

e Large-eddy simulation
l discretize

* Numerical simulation

Speziale (1985), J. Fluid Mech. 156, 55 Chapman & Kuhn (1986), J. Fluid Mech. 170, 265

Oberlack (1997), CTR Ann. Res. Briefs, 3 Vreman et al. (1994), J. Fluid Mech. 278, 351

Razafindralandy et al. (2007), Eur. J. Mech. B 26,531  Vreman (2004), Phys. Fluids 16, 3670

Cheviakov & Oberlack (2014), J. Fluid Mech. 760, 368 Nicoud et al. (2011), Phys. Fluids 23, 085106 Physics of Fluids 29, 015105 (2017)
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Large-eddy simulation

Overview
* Navier-Stokes equations equations:
. symmetries,
l filter

conservation /GWS
* Filtered Navier-Sto

l model

turbulent stresses:
dissipation, near-wall
scaling, realizability

* Large-eddy
l discretize

* Numerical si

Speziale (1985), J. Fluid Mech. apman & Kuhn (1986), J. Fluid Mech. 170, 265

Oberlack (1997), CTR Ann. Res. S Vreman et al. (1994), J. Fluid Mech. 278, 351
Razafindralandy et al. (2007), Eur. J. Mech. B 26,531  Vreman (2004), Phys. Fluids 16, 3670

Cheviakov & Oberlack (2014), J. Fluid Mech. 760, 368 Nicoud et al. (2011), Phys. Fluids 23, 085106 Physics of Fluids 29, 015105 (2017)
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Model constraints

Properties of the Navier—Stokes equations

* Symmetries
— Galilean invariance, rotational invariance, ...
* Conservation laws
— Mass, momentum, angular momentum, vorticity-related quantities

Properties of the turbulent stresses

* Dissipation behavior
— 2" Jaw of thermodynamics — Nicoud et al.
— Vreman — Verstappen
* Near-wall scaling behavior
* Realizability

Speziale (1985), J. Fluid Mech. 156, 55 Chapman & Kuhn (1986), J. Fluid Mech. 170, 265

Oberlack (1997), CTR Ann. Res. Briefs, 3 Vreman et al. (1994), J. Fluid Mech. 278, 351

Razafindralandy et al. (2007), Eur. J. Mech. B 26,531  Vreman (2004), Phys. Fluids 16, 3670

Cheviakov & Oberlack (2014), J. Fluid Mech. 760, 368 Nicoud et al. (2011), Phys. Fluids 23, 085106 Physics of Fluids 29, 015105 (2017)
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Model constraints

Properties of the Navier—Stokes equations
* Rotational (proper orthogonal) transformations
X; = QijX;
v; = QijV;
q—4q
* Rotational invariance
dv;

9x;
(’)vi 0 aq 2 aSU(U) 0 mod
dt T 0x; (vivj) T 0x; * Re 0x; - G_ijU

Invariant Constraint: T{}-‘Od - QimT%ngz;j

Oberlack (1997), CTR Ann. Res. Briefs, 3 Physics of Fluids 29, 015105 (2017)
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Model constraints

Assessing existing turbulence models

Symmetry properties Dissipation properties
0) o 7 N — R N < < prd prd < 2 o
® 3 8 2 38|32 8 3 § § S8 8
= & s £ @a|l2|lz 3 3 2 ¢ g% =
. > M - D o o c c Y 1 N
o o) 09 - o 2 S S > o o S QE, o
> (_<2 % Q o 2 2 -r?) = )
g | 8 = 2 3
Q (on —
Smagorinsky | v/ v x* v x*| v |v x v x x v |y°
WALE v vV ox* x x*|vI|v x v x x v |y
Vreman v vV ox* x x*¥| v I|v x v x x v |y
AMD v v ox*x v ox*¥| Vv I|Vv v x v x v |y
Gradient v v x* x Vv |V |x v x Vv x v
x* Dynamic procedure may restore symmetry
Smagorinsky (1963), Mon. Weather Rev. 91, 99 Rozema et al. (2015), Phys. Fluids 27, 085107

Nicoud & Ducros (1999), Flow, Turbul. Combust. 62, 183 Clark et al. (1979), J. Fluid Mech. 91, 1
Vreman (2004), Phys. Fluids 16, 3670 Germano et al. (1991), Phys. Fluids 3, 1760 Physics of Fluids 29, 015105 (2017)
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Model constraints

Assessing existing turbulence models

Symmetry properties Dissipation properties
® & § ¢ 5|9|% 35 5 5 § 2|7 &
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8 5§ ®& T S |2|= @2 @ § § ¥ |:£ B
S 3 5 | 2 o = % 3 g |2 3§
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v | = t‘- =~ =~ Q
jmproveme=S = e F
Smagorinsky v v ROOm for — x v x x v |y°
WALE v vV o x* x x*x| vV |v x v x x v |y
Vreman v vV ox* x x*¥| v I|v x v x x v |y
AMD v v ox*x v ox*¥| Vv I|Vv v x v x v |y
Gradient v v x* x Vv |V |x v x Vv x v
x* Dynamic procedure may restore symmetry
Smagorinsky (1963), Mon. Weather Rev. 91, 99 Rozema et al. (2015), Phys. Fluids 27, 085107

Nicoud & Ducros (1999), Flow, Turbul. Combust. 62, 183 Clark et al. (1979), J. Fluid Mech. 91, 1
Vreman (2004), Phys. Fluids 16, 3670 Germano et al. (1991), Phys. Fluids 3, 1760 Physics of Fluids 29, 015105 (2017)
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Model constraints

Creating new turbulence models

Model Symmetry properties Dissipation properties
0) o w N — 0 N < < = pd < 2 )
= § £ 2 3|3|s 53 % 8 8 5|8 £
() [l - - = D Y o c c 'Y 1 N
v o M - 3 > = = = a o 3 s 0
> > Q © o X 3 3 = =
5 | S = 2 3 |g
QL (on P
Smagorinsky | v/ v x* v x*| v |v x v x x v |y°
WALE v vV ox* x x*|vI|v x v x x v |y
Vreman v vV ox* x x*¥| v I|v x v x x v |y
AMD v v ox*x v ox*¥| Vv I|Vv v x v x v |y
Gradient v v ox* x v |V |Ix Vv x v x v
Vortex stretch. | v v x* v x*| v | v v x v v x|V

x* Dynamic procedure may restore symmetry

Silvis & Verstappen (2017), Turbulence & Interactions, 241 Physics of Fluids 29, 015105 (2017)
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Model constraints

Vortex-stretching-based turbulence model

e Numerical results

10°t

100

1072
= 50
=] 1073 =
o Experiment (CBC) /\" S‘
04k _Qgrgziietchm suU *Yos 1.0 1.5 2.0
: L ‘ \" }-I L ‘ 1 1 \gl ‘ / %
215 TTT1T ‘ T T UL ‘
+ r
—DNS (MKM) &~ 9
20 - —— No model ::
—— Vreman :5\ 6 L | éﬁ
— Vortex stretching 3 = 10
15 4 3
o £ +
= £ 4 +
= + _: L
10 14 E _5
-“g - I\ | | T
5 |2
0.0 0.5 1:0 1.5 2.0
xo/d
Tl Ll Ll 1 L1 0 | | | |
100 10t 102 0 100 200 300 400 —— DNS (128 x 256 x 128) — LES VS EV1 (32?)
yt yto | e No model (32%) —— LES VS EV2 + NL (32%)
Dyn. Smag. (32?%)

Silvis et al. (2017), Progress in Turbulence VII, 133
Silvis & Verstappen, Direct and Large Eddy Simulation XI (accepted) Physics of Fluids 29, 015105 (2017)
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Large-eddy simulation

Overview
* Navier-Stokes equations equations:
fil symmetries,
\l/ ter conservation laws

* Filtered Navier-Sto

l model

S turbulent stresses:

* Large-eddy
l discretize

* Numerical s

Speziale (1985), J. Fluid Mech. 156, 55 Chapman & Kuhn (1986), J. Fluid Mech. 170, 265

Oberlack (1997), CTR Ann. Res. Briefs, 3 Vreman et al. (1994), J. Fluid Mech. 278, 351

Razafindralandy et al. (2007), Eur. J. Mech. B 26,531  Vreman (2004), Phys. Fluids 16, 3670

Cheviakov & Oberlack (2014), J. Fluid Mech. 760, 368 Nicoud et al. (2011), Phys. Fluids 23, 085106 Physics of Fluids 29, 015105 (2017)
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Large-eddy simulation

Overview
* Navier-Stokes equations equations:
i symmetries,
l lter conservation laws
* Filtered Navier—Stokes equations turbulent stresses:
| dissipation, near-wall
l mode scaling, realizability

* Large-eddy simulation

l discretize

* Numerical si

Speziale (1985), J. Fluid Mech. 156, 55 Chapman & Kuhn (1986), J. Fluid Mech. 170, 265

Oberlack (1997), CTR Ann. Res. Briefs, 3 Vreman et al. (1994), J. Fluid Mech. 278, 351

Razafindralandy et al. (2007), Eur. J. Mech. B 26,531  Vreman (2004), Phys. Fluids 16, 3670

Cheviakov & Oberlack (2014), J. Fluid Mech. 760, 368 Nicoud et al. (2011), Phys. Fluids 23, 085106 Physics of Fluids 29, 015105 (2017)
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Discretization constraints

Numerical simulations of turbulent flows
» Semi-discretized large-eddy simulation equations (finite volume)

Mv =0

dv
QE+C(U)U= —QOGqg+ Dv —Tv

convection diffusion
pressure model
* Quantities * QOperators

— Discrete velocity field: v — Divergence: M

— Discrete pressure: q — Cell volumes: ()
— Convection: C(v)
— Gradient: ¢
— Diffusion: D
— Model: T

Verstappen & Veldman (2003), J. Comput. Phys. 187, 343 Physics of Fluids 29, 015105 (2017)
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Discretization constraints

Properties of the Navier—Stokes equations

* Symmetries
— Galilean invariance, rotational invariance, ...
* Conservation laws
— Mass, momentum, angular momentum, vorticity-related quantities

Properties of the turbulent stresses

* Dissipation behavior
— 2" Jaw of thermodynamics — Nicoud et al.
— Vreman — Verstappen
* Near-wall scaling behavior
* Realizability

Speziale (1985), J. Fluid Mech. 156, 55 Chapman & Kuhn (1986), J. Fluid Mech. 170, 265

Oberlack (1997), CTR Ann. Res. Briefs, 3 Vreman et al. (1994), J. Fluid Mech. 278, 351

Razafindralandy et al. (2007), Eur. J. Mech. B 26,531  Vreman (2004), Phys. Fluids 16, 3670

Cheviakov & Oberlack (2014), J. Fluid Mech. 760, 368 Nicoud et al. (2011), Phys. Fluids 23, 085106 Physics of Fluids 29, 015105 (2017)
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Discretization constraints

Conservation laws

e (Conservation of mass
— Constraints on the divergence operator M
* Conservation of momentum
— Convective operator: C(v)1 =0
— Diffusive operator D1 =0
» Conservation/dissipation of kinetic energy
— Convective operator: C(v) = —C(v)T
— Divergence and gradient operators: M = —(QG)7
— Diffusive operator: D = DT

Verstappen & Veldman (2003), J. Comput. Phys. 187, 343 Physics of Fluids 29, 015105 (2017)
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Discretization constraints

Properties of the Navier—Stokes equations

* Symmetries
— G@Galilean invariance, rotational invariance, ... ?
 Conservation laws

— Mass v/, momentum v/, angular momentum ?, vorticity-related
quantities ?, kinetic energy v/

Properties of the turbulent stresses

* Dissipation behavior
— 2" |aw of thermodynamics v — Nicoud et al. ?
— Vreman ? — Verstappen v
* Near-wall scaling behavior
e Realizability ?

Speziale (1985), J. Fluid Mech. 156, 55 Chapman & Kuhn (1986), J. Fluid Mech. 170, 265

Oberlack (1997), CTR Ann. Res. Briefs, 3 Vreman et al. (1994), J. Fluid Mech. 278, 351

Razafindralandy et al. (2007), Eur. J. Mech. B 26,531  Vreman (2004), Phys. Fluids 16, 3670

Cheviakov & Oberlack (2014), J. Fluid Mech. 760, 368 Nicoud et al. (2011), Phys. Fluids 23, 085106 Physics of Fluids 29, 015105 (2017)
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Discretization constraints

Properties of the Navier—Stokes equations
* Symmetries
— G@Galilean invariance, rotational invariance, ... ?

e Conservation laws

— Mass v/, momentum v/, angular momentum ?, vorticity-related
quantities ?, kinetic energy v/

— 2 |aw of t

— Vreman ?
e Near-wall se=*
* Realizabilit

Speziale (1985), J. Fluid Mech. apman & Kuhn (1986), J. Fluid Mech. 170, 265

Oberlack (1997), CTR Ann. Res. Vreman et al. (1994), J. Fluid Mech. 278, 351

Razafindralandy et al. (2007), Eur. J. Mech B 26,531 Vreman (2004), Phys. Fluids 16, 3670

Cheviakov & Oberlack (2014), J. Fluid Mech. 760, 368 Nicoud et al. (2011), Phys. Fluids 23, 085106 Physics of Fluids 29, 015105 (2017)
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Discretization constraints

* Symmetries
— G@Galilean invariance, rotational invari
 Conservation laws

— Mass v/, momentum v/, angular momentum ?, vorticity-related
quantities ?, kinetic energy v/

Properties of the turbulent stresses

* Dissipation behavior
— 2" |aw of thermodynamics v — Nicoud et al. ?
— Vreman ? — Verstappen v
* Near-wall scaling behavior
e Realizability ?

Speziale (1985), J. Fluid Mech. 156, 55 Chapman & Kuhn (1986), J. Fluid Mech. 170, 265

Oberlack (1997), CTR Ann. Res. Briefs, 3 Vreman et al. (1994), J. Fluid Mech. 278, 351

Razafindralandy et al. (2007), Eur. J. Mech. B 26,531  Vreman (2004), Phys. Fluids 16, 3670

Cheviakov & Oberlack (2014), J. Fluid Mech. 760, 368 Nicoud et al. (2011), Phys. Fluids 23, 085106 Physics of Fluids 29, 015105 (2017)




* Truncation error analysis
— Regular 5-point stencil
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Apdp(x,y) = 62+62 ( )+1 a4+a4 (x,y)h? + O(h*

D¢ x’y - axz ayz ¢ x’y 12 ax4 ay4. ¢ x'y ( )
rotationally not rotationally not rotationally
invariant v/ invariant % invariant %

— Special 9-point stencil
92 92 1 (92 9%\
A , — + , + + ) h2 + 0 h4
pP(x,y) <0x2 ayZ) o (x,y) E <0x2 6y2) o (x,y) (h™)
rotationally rotationally not rotationally
invariant v/ invariant v/ invariant x

Nguyen (2016), Bachelor Project, TU Darmstadt

Physics of Fluids 29, 015105 (2017)
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Discretization constraints

Preserve symmetries up to a certain order

lllustration: finite-difference method for the 2D Laplace equation

Truncation error analysis
— Regular 5-point stencil

Apdp(x,y) = 62+62 ( )+1 a4+a4 (x,y)h? + O(h*

D¢ x’y - axz ayz ¢ x’y 12 ax4 ay4. ¢ x'y ( )
rotationally not rotationally not rotationally
invariant v/ invariant % invariant %

— Special 9-point stencil
92 92 1 (92 9%\
A , — + , + + ) h2 + 0 h4
pP(x,y) <ax2 6y2> o (x,y) E <0x2 6y2> o (x,y) (h™)
rotationally rotationally not rotationally
invariant v/ invariant v/ invariant x

Nguyen (2016), Bachelor Project, TU Darmstadt Physics of Fluids 29, 015105 (2017)
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* Truncation error analysis
— Regular 5-point stencil

Bob(x,) = ( i~ ></><x,y> e ( LA >¢(x,y)hz +O(hY)
¥0x2 dy? 5 }2 dox* 0dy* =
rotati'onally not rota;tionally not rotationally
invariant v/ invariant % invariant %
— Special 9-point stencil
App(x,y) = ( > + > )cﬁ(x,y) b (a 2
¥0x2 dy? o 12\ox ]
rotati;)nally ally
invariant v/ invariant x

Nguyen (2016), Bachelor Project, TU Darmstadt Physics of Fluids 29, 015105 (2017)
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Conclusions

Summary

* Explained how we can apply results of symmetry analysis of the
Navier—Stokes equations to improve the modeling and numerical
simulation of turbulent flows

Results

* A framework of (symmetry) constraints that can be used to
assess existing and create new turbulence models

A new promising turbulence model

* Conservation constraints on the structure of discrete operators

Open questions
* How to preserve symmetries on the discrete level?

Physics of Fluids 29, 015105 (2017)
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